is infinite. This fact will now be proved by showing that there is a factor group of order 24w 4 for every positive integer n. We shall find a closely related group of order 48w 4 , satisfying the relations S z = T 2 = (ST) 8 = (S^TST)* -1, which have been studied by Brahana; 3 but there is no overlapping, since his "subgroup H" is not invariant in our case, although there still is an abelian invariant subgroup of index 48. In fact, it was the search for such a subgroup that led to the simple treatment given here.
Section 7 is inserted for its intrinsic interest, and can be omitted without impairing the proof of the main result ( §8).
2.
A group of order n 4 . Consider the direct product of two cyclic groups of order n. Since the defining relations Ml = Ml=M^M^MiMt = 1 imply (MiAf 2 ) n = 1, they may be put into the form
Hence the direct product of four cyclic groups of order n is defined by
3. A group of order 4n 4 . These relations continue to hold when Mi is replaced by Ni, and N 7 -by Mf 1 . We now enlarge the group of order n 4 by adjoining an operator A, of period four, which transforms it according to this automorphism. The extra relations that have to be added to (2) are
The enlarged group, 8 of order 4# 4 , may be put into a symmetrical form by denning B =AM 3 , C=N%A, and eliminating the M'sand N's by means of the relations
The result is
These relations imply
In detail,
As one of the relations M" = l is superfluous in (1), so one of the consequent relations
Of course, the relations (C~lD) n = (D~1A) n = \ (inserted for the 
A group of order 24n\
To this group of order 8w 4 we adjoin an operator R, of period three, which transforms the three generators according to a cyclic permutation. 6 The substitution 0 = RQR~l, P = R"~1QR gives us the enlarged group, of order 24w 4 , in the form 
of order 16^4. In terms of X and XA, this becomes
Concerning (5), it is natural to ask whether the periods of PQ~lPQ and P~1QPQ are inevitably equal. The rather surprising answer is, as we shall see, that by leaving one of them unrestricted we only double the order of the group. Since 0, P, Q are interchangeable, this means that the group , like (12) . To build up such a group, we begin with the direct product of two cyclic groups of orders 2n and n (generated by M% and Ms), which can be written in a form resembling (1) :
Instead of (2) (3) and (4), we derive two equivalent definitions for a certain group of order Sn 4 : first
and second
Finally, instead of (5) we obtain the group, of order 16n é ,
8. Conclusions regarding infinite groups. The consistency of (8) for all values of n shows that the group (3, 314, 6; 4), defined by R* = 53 = ( RS y = (R-isy = (i?-1^-1^)4 = l', is infinite. The "larger" groups 8 (3, 314, 6), (3, 3, 4; 4) are infinite a fortiori. Similarly, (5) establishes infinite order for (4, 4| 4, 4; 2), and thence for 9 (4, 4, 4; 2). . It is not invariant, 12 since, if it were, its index would be just 24. Hence (9) is not one of the groups treated in Brahana's main theorems, but is a first step towards the "large undertaking" mentioned in his final paragraph. 13 
